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Abstract 

Let G be a commutative, unipotent, perfect, connected group scheme 
over an algebraically closed field of characteristic p > and let £ be a 
biextension of G x G by the discrete group Q p /Z p . When E is skew- 
symmetric, V. Drinfeld defined a certain metric group A associated to 
E (when G is the perfectization of the additive group G , it is easy to 
compute this metric group - cf. Appendix A). In this article, we prove a 
conjecture due to Drinfeld about the class of the metric group A in the 
Witt group (cf. Appendix B). 



Introduction 

The main result of this article (cf. thru. 1, sec. 2.3) is related to a conjecture in 
the theory of character sheaves on unipotent groups (developed in [BDlj , |BD2] 
as well as [Boy ). Let U be a unipotent group over an algebraically closed field 
of characteristic p > 0. In [BD1] , the notion of L-packets of character sheaves on 
U is defined in terms of certain minimal idempotents in the equivariant derived 
category T>u{U) (cf. [BDlj . sec. 5). If e G T>u(U) is such an idempotent, one 
is interested in studying the full subcategory eT>u{U) C T>u{U) consisting of 
objects M € T>u{U) such that e * M = M, where * denotes convolution with 
compact support (cf. [EDI] , sec. 5.5). Let M^ crv C eV v (U) denote the full 
subcategory of eT>u(U) consisting of the perverse objects. It is shown in [BD2 
that the following hold true (cf. Thm. 1.13): 

1. M^ C1V is a semisimple abelian category with finitely many simple objects 
upto isomorphism (the set of isomorphism classes of simple objects is 
called the L-packet associated to e). 

2. There exists a (unique) integer n e such that e[— n e ] £ A4P C1V . The sub- 
category Me = A4^ crv [— Ti e ] C T>u(U) is closed under convolution and is 
a braided monoidal category with unit object e. Moreover, the functor 
id : M e — > A4 e is equipped with a canonical automorphism 9 (cf. [Boy], 
sec. 3.9). 

V. Drinfeld formulated the following conjecture: 
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Conjecture 1. i) The category M e with the structures mentioned in (2) above 
is modular (cf. sec. 2.8.2, [DGNOj or sec. II. 1.4, [Tur]). 

ii) Define the functional dimension d e of Ai e by d e = (dimG — n e )/2. The 
Gauss sum of the modular category (cf. sec. 6.2, DGNOJ) Ai e equals ep n where 
n is a positive integer and e = 1 if d e is an integer and e = — 1 otherwise. 

When U is connected and e is a Heisenberg idempotent in the sense of [BD2J 
(cf. sec. 1.8), part (i) of this conjecture is proved in [Desj . Our main theorem 
implies that part (ii) is also true (cf. sec. 2.4). Since the study of general 
minimal idempotents in T>u(U) can be reduced to the case of Heisenberg idem- 
potents (cf. [BD2] , Thm 1.2) , it is plausible that the conjecture in general can 
be reduced to this special case. 

Briefly, the idea behind the proof of thm. 1 is as follows: The case of the 
additive group is proved by making certain explicit computations and then ap- 
pealing to a descent result for skew-symmetric biextensions (cf. sec. 4). The 
case of arbitrary unipotent groups is then handled by reducing to the above case 
by means of certain reductions, explained in sec. 5. The principle behind these 
reductions is described in the remark at the end of sec. 6. 

The article is organized as follows: In the first section, we briefly review 
Serre duality. In the second section, we review biextensions and define the 
metric group attached to a skew-symmetric biextension. In the third section, 
certain results about functoriality and descent for biextensions are proved. In 
the fourth section, we prove the main theorem for the case of the additive group. 
The fifth section is devoted to certain reductions and the proof of the theorem 
is completed in the sixth section. There are two appendices: The first one is 
devoted to explicit computations of the metric group for skew-symmetric biex- 
tensions of the additive group. The second one gives a brief introduction to 
metric groups. 

Acknowledgement. I am deeply grateful to my adviser V. Drinfeld for sug- 
gesting various simplifications as well as improvements to the presentation of 
this article. I am indebted to D. Boyarchenko and the referee for their critical 
reading of the manuscript. I thank L. Breen for helpful correspondence. 

Notation. In the remainder of this article, fix an algebraically closed field k 
of characteristic p > 0. All fiber (and tensor) products are over k, unless stated 
otherwise. If G is a scheme over k, the notation g € G means that g is a fc-point 
of G. 

1 Serre Duality 

We rapidly recall the notion of Serre duality for commutative unipotent groups, 
indicated in [Serj and developed in Beg . 
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1.1 Definition and properties. 



Recall that a scheme X in characteristic p (i.e., p annihilates the structure sheaf 
Ox of X) is called perfect if the morphism Ox — > Ox given by / i-> f ' p on the 
local sections of Ox is an isomorphism of sheaves. 

Let ^3erf fe be the category of perfect schemes over k and let G be a commuta- 
tive, unipotent, connected group scheme in ^?erf fc . One considers the following- 
functor, from the category *Petf fc to abelian groups: 

S i y Ext(G x S,Q P /Z P ) 

where Ext(A,B) denotes (for commutative group schemes A, B) the group of 
isomorphism classes of extensions of A by B: 

^ B -4 G -> A ^ 

where C is commutative as well. 

One knows that the functor defined above is representable by a group scheme 
G* in <}3etf fc (cf. |Beg| , Prop. 1.2.1). The group G* is called the Serre dual of 



G. One has the following properties (loc. cit. 

i) G* is a connected, commutative, unipotent group scheme isogenous to G. 

ii) The canonical homomorphism of G onto G** is an isomorphism. 

iii) If — > G' —> G — >• G" — » is an exact sequence of connected, commuta- 
tive, unipotent group schemes in ^erf fe , then so is -» G"* — > G* — > G'* — > 0. 

Remark. The last two properties say that the (contravariant) functor G n> 
G* is exact and involutive. Therefore, the canonical map Hom(Gi,G2) — > 
Hom(G2,G*) is an isomorphism. 



1.2 An example. 

Let Ga iP be the perfectization (cf. [Boy], appendix A. 3) of the additive group 
G a . In particular, G ,p is the spectrum of the ring: 

R = k[x,x 1/p ,x 1/p2 ,---} 

One knows that the dual G* p can be canonically identified with G ajP . We 
recall this isomorphism: Let S be an arbitrary perfect scheme and let Gs = 
G QjP x S. The exponent of the group Gq iP isp (i.e., pG aiP = 0), whence the group 
G *a, P ( s ) = Ext(Gs,Qp/Z p ) can be canonically identified with Ext(G s , Z/pZ). 
If a is an endomorphism of Gs, let e CT denote the element of G* p (S) deduced 
from the Lang isogeny: 

->• Z/pZ -> G s x ^ x "- x > Gs ^ 

via the morphism a : Gs — > Gs- This gives a homomorphism End(Gs) — > 
G* p (S). In particular, since every element t £ G a . p (5) acts on Gs by homoth- 
ety, one obtains a homomorphism: 

<p : G a , p (5) -> Gl p (5) 



3 



of group functors, which one knows to be an isomorphism (cf. |Beg , Prop. 
1.1.1). 



Remark. The above isomorphism ip gives rise to a "universal" scheme E over 
G n , p x G„, p which satisfies the following property: For all t £ G aiP , the fiber 
E t over t x G a , p = G a , p is the extension of G a , P given by (p(t). The scheme E 
can be explicitly described as follows: Let T = R <E> R and let u,v £ T be the 
elements x <g> 1 and 1 ® x. Then E — Spec (T[z]/(z p — z — uv)), equipped with 
its natural projection onto Spec (T) = G a , p x G a , p . Note that the symmetry of 
the expression z p — z — uv as a function of u, v implies that tp is self dual, i.e., 
<p = <p*. 

The scheme E can also be viewed as a biextension of G QiP x G aiP . The 
concept of a biextension is reviewed in the following section. 

2 Biextensions 

Biextensions were introduced by Mumford in [Mum]. The definition which 
follows is a modification of the one that appears in [Boy]. For a treatment of 
biextensions from the functorial point of view, we refer to Grothendieck's expose 
VII in [SGA7 I] . Note however that the definition of biextension which follows 
is weaker than the ones considered in [Mum] or |SGA7 I] , since we don't assume 
the partial groups laws to be commutative. Such biextensions were considered 
by Breen in [Br2] under the name of weak biextensions. 

Let G\, G2 be group schemes over k, and let A be a commutative group 
scheme over k. A bi-extension of (C?i,C?2) by A is a scheme E equipped with 
the following additional structures: 

i) E is a group scheme over G 2 represented as a central extension of G\ x G2 
by Ax G 2 - 

ii) E is a group scheme over G\ represented as a central extension of G\ x G2 
by G\ x A. 

One requires that 

a) data (i) and (ii) give rise to the same morphism 7r : E — > G\ x G2 and the 
same action of A on E; 

b) the group operations »i : E Xq 2 E —> E and »2 : E Xq 1 E — > E corre- 
sponding to (i) and (ii) satisfy the identity 

(en » 2 eia) »i (e 2 i »2 e 2 2) = (en »i e 2 i) »2 (ei 2 »i e 2 2); (1) 

More precisely, ([1]) should hold for any fc-scheme S and any S-points 
en, ei2, e2i, e22 £ E(S) = Honifc_ sc h(>S', E) whenever both sides of |T]) 
are defined, i.e., whenever 

7r(eu) = (51,52), 7r(ei 2 ) = (gi,g' 2 ), 7r(e 2 i) = (g[, g 2 ), 7r(e 22 ) = {g' x ,g' 2 ) 
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for some g 1 ,g[ G Gi(S) and g 2 ,g' 2 E G 2 (S). 

Remark. Either (i) or (ii) defines on E a structure of A-torsor over G\ x G 2 . 
By (a), these two structures are the same. 

In the rest of this article, we shall always assume that A is the discrete group 
Q p /Z p . 

2.1 Biadditive pairings attached to biextensions. 

Let Gi,G 2 be commutative, unipotent, connected group schemes in < }3etf fe . Let 
Biext (Gi , G 2 ) denote the group of isomorphism classes of biextensions of G\ x G 2 
by the discrete group Q p /Z p . One has isomorphisms of abelian groups (cf. 
Lemma A. 17, |Boy| ): 

Hom(Gi,G^) «-> Biext(Gi,G 2 ) o Hom(G 2 ,G 1 ) 

where the composite map (in both directions) is the one obtained from duality. 
We refer to |SGA7 I] , expose VII. 1.6 for the definition of these homomorphisms 
(which extend easily to the more general case considered here). 

Let E be a biextension of Gi x G 2 and let / : Gi —J> G 2 be the corresponding 
homomorphism. Then the restriction -E|ker/xG 2 (resp. E'ldxkor/*) is the trivial 
biextension of ker/ x G 2 (resp. G\ x ker/*). Since Gi,G 2 are connected, we 
get unique trivializations (cf. [Boy], Cor. A. 13): 

at : (ker/ x G 2 ) x Q p /Z p ^> £|ker/xG 2 
a 2 : (Gi x ker/*) x Q p /Z p ^ E\ GlXkkeTf , 

Both ct\ and a 2 induce trivializations of -Elker/xkcr/* by restriction, whence the 
composition a^ 1 o a 2 (suitably restricted) gives an automorphism of the trivial 
biextension of ker / x ker/*. Therefore we get a bi- homomorphism (of group 
schemes) : 

Bo : ker /x ker/* Q p /Z p 
Since Bq is trivial on (ker/) x (ker/*) , one obtains a biadditive pairing 

B : ^ (kcr/) x 7r (ker/*) -> Q p /Z p 

by passing to the quotient. For explicit computation of B in the case when 
Gi = Ga,p = G 2 , see prop. [11] Appendix A, as well as the remark following it. 

The pairing B can be made explicit as follows: Let a G ker / and b G ker/*. 
Since G 2 can be identified with the dual of G 2 , the element b G G 2 corresponds 
to an extension of G 2 : 

-> Q p /Z p -> G* -> G 2 -> 

The hypothesis 6 G ker /* implies that the pullback of the above extension to Gi 
via the homomorphism / is the trivial extension. Therefore one has a (unique) 
factorization of / via G 2 : 
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Gi 




► Qp/Zp ► G* 2 ► G* 2 > 

As a G ker/, it follows that f(a) is an element of Q p /Z p . It can be checked 
that B (a,b) = f(a). 

Remark. If / is an isogeny then one has an exact sequence: 

-> Hom(ker/, Q p /Z p ) -> Ext(G£, Q p /Z p ) -> Ext(Gx, Q p /Z p ) 

which shows that ker/* can be canonically identified with Hom(ker /, Q p /Z p ), 
i.e., the Pontryagin dual of ker/. It is easy to check that the pairing B comes 
from this duality. 

Proposition 1. The pairing B is nondegenerate. 

Proof. See [Boy] , Prop. A. 19. □ □ 

2.2 Skew-symmetric biextensions. 

We now specialize to the following situation: G\ = G = G%. 

Definition 1. i) A biextension E of G x G is skew- symmetric if the pullback of 

E via the diagonal homomorphism G — > G x G is trivial (as a Q p /Z p torsor). 

iij A homomorphism / : G — > G* is skew- symmetric if the corresponding 
biextension is skew-symmetric. 

Remarks, a) Since the natural map Biext(G, G) — > Hom(G, G*) is an iso- 
morphism of abelian groups, it follows that skew-symmetric homomorphisms 
form a subgroup of Hom(G, G*). 

b) In [Brlj . L. Breen introduced a more general notion of a skew-symmetric 
biextension (called biextensions alternees, cf. sec. 1, loc. cit.) by a sheaf of 
abelian groups. 

Let / : G —> G* be the homomorphims corresponding to a biextension E of 
G x G. One considers the following condition: 

/ + r = o (*) 

Proposition 2. i) /f IS «s skew- symmetric then (*) above holds. Conversely, if 
p ^ 2, i/ien (*) is equivalent to the skew-symmetry of E. 

ii) //-E is defined by a homomorphism G — »• G* o/ i/ie /om «; — u;*, i/ien E 
is skew-symmetric. 
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Remark. In view of (i) above, one says that a biextension E is weakly skew- 
symmetric if the homomorphism / satisfies the condition (*). 

Proof. The proof is standard. □ □ 

Proposition 3. If E is skew-symmetric, then ker/ = ker/*. Further, the 
pairing B (cf. sec. 2.1) is symmetric, i.e., B(a,b) = B(b,a) for all a,b £ ker/. 

Proof. The first statement follows from part (i) of the previous proposition. For 
the proof of the second one, see [Boy], Lemma A. 25. □ □ 

2.3 Metric groups attached to skew-symmetric biexten- 
sions. 

Let E be a skew-symmetric biextension of G x G and let / : G — > G* be the 
corresponding homomorphism. Set A — 7To(ker/), which is a finite p-group. We 
define a map 

q : A -> Q p /Z p 

as follows: By hypothesis, the Q p /Z p torsor E\a(g) over A(G) is trivial, whence 
there exists a unique trivialization: 

ip : G x Q p /Z p -> E\ A(G} 

such that <^(0,0) = 0. On the other hand, one has a trivialization: 

ip' : ker / x Q p /Z p -> B| A (ker/) 

of £|A(ker/) deduced from a,\ by restriction (cf. sec. 2.1) via the embedding 
ker / x Qp/Zp (ker / x G 2 ) x Q p /Z p (where ker / is embedded in ker / x G2 
via the diagonal map). Therefore the composition ip~ 1 o ip' (suitably restricted) 
gives an automorphism of the trivial Q p /Z p torsor over ker/, which defines a 
morphism (of schemes): 

qo : ker / ->• Q p /Z p 

One obtains q by passing to the quotient. For explicit computation of q in the 
case when G = G a ,p, see prop. [12] in Appendix A. 

Proposition 4. The function q is a quadratic form (cf. Appendix B) on A. 
Further, if B is the biadditive pairing on Ax A (cf. sec. 2.1), then 

B(a,b) = q(a + b)-q(a)-q(b) 

i.e., B is the polarization of q. 

Proof. See [Boy] , Lemma A. 26. □ □ 

In particular, the quadratic form q is nondegenerate, whence the group A 
equipped with q is a metric group (cf. Appendix B). The conjecture which 
appears in |Drj is the following: 
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Theorem 1. Let G be a perfect, commutative, unipotent, connected group 
scheme over k and let E be a skew- symmetric biextension of G. Then with 
the notation above, one has: 

a) log p (Card(yl)) is even. 

b) Let [(A, q)] denote the class of (A,q) in the Witt group W (cf. appendix). 
Then 

[(A q)] — i° if dim /(G) is even 

y (F p 2 , i o Nm Fp2 /Fp ) if dim f(G) is odd 

where i : ¥ p >• Q p /Z p is the embedding defined by i(l) = l/p. 

Remark. Part (b) above can be reformulated as follows: If dim /(G) is even, 
then (A,q) is hyperbolic, i.e., admits a Lagrangian subgroup (cf. Appendix B). 
Otherwise, there exists an isotropic subgroup (cf. Appendix B) I C A such that 
7^//= (F p 2,ioNm Fp2/Fp ). 

The theorem is proved for G = <G a , P in sec. 4. The general case, which is 
treated in the last two sections, is proved by reducing to the above case. 



2.4 An application 

In this section, we prove part (ii) of the conjecture mentioned in the introduction 
when U is a connected unipotent group and e is a Heisenberg idempotent. We 
recall that such idempotents are defined in terms of (cf. [Boy], sec. 6.1): 

a) A connected normal subgroup N of U such that U/N is commutative. 

b) A {7-equivariant multiplicative local system on N (here U acts on N by 
conjugation). 

Such a local system gives rise to a skew-symmetric biextension of (U /N) peT {, 
i.e., the perfectization of U/N. One requires that the corresponding homomor- 
phism (U/N) pclf -t (U/N)* eli be an isogeny. 

Let A be the metric group corresponding to this biextension. The following 
result has been proved in [Pes] : 

Theorem 2. The category Ai e is equivalent to the modular category corre- 
sponding to the metric group A. 

Since the Gauss sum of a modular category (cf. [DGNOj . sec. 6) correspond- 
ing to a metric group is none other than the Gauss sum of the associated metric 
group, it follows that part (ii) of the conjecture can be rephrased in terms of the 
Gauss sum of A. Note also that the integer n e equals dim(A^) (cf. |BD2j . Thm. 
1.26/(b)) so that the functional dimension d e is l/2dim(U/N). Therefore part 
(ii) immediately follows from the following (by taking G = (U/N) pcl f): 

Proposition 5. Let G be a commutative, unipotent, perfect, connected group 
scheme over k and f : G — > G* be a skew- symmetric homomorphism, which is 
also an isogeny. Then the Gauss sum of the metric group A = ker / equals ep n 
where n is an integer and e = 1 if dim G is even and —1 otherwise. 
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Proof. We shall need the following fact (cf. |DGNOj . Prop. 6.1): Let A be a 
metric group and H C A be an isotropic subgroup (cf. Appendix B). Let B be 
the group H x /H with the induced metric group structure. If t(A) (resp. t(B)) 
denotes the Gauss sum of A (resp. B), then 

t(A) = Card(H)T(B) 

Therefore the Gauss sums of two metric groups which are Witt equivalent (cf. 
Appendix B) differ by a power of p. By virtue of thm. 1, it remains to note 
that: 

a) t(A) = 1 when A = 0. 

b) t(A) = -p, when A = (¥ p 2,i o Nm Fp2 / Fp ). 

The verification of (b) is easy and is carried out in D GNOj . Prop. A.3/(ii). □ 

□ 

3 General Results 

In this section we state several results regarding functoriality (sec. 3.1) and 
descent (sec. 3.2) of biextensions. In the following, Gi,G2 will denote commu- 
tative, unipotcnt, perfect, connected groups. 

3.1 Functoriality. 

We explicitly state two (obvious) functorial results about the pairing B and the 
form q defined in sec. 2.1 and sec. 2.3. 

Let £ be a biextension of G\ x G2 corresponding to / : G\ — > G 2 . Let 
<px : G\ — > Gx and <p2 ■ G' 2 — > G2 be homomorphisms and E' be the biextension 
of G[ x G' 2 obtained from E by pulling back via ipx x f2- 

Let a' £ G'-y, b' G G" 2 and a, b be their images in Gx,G2- Suppose that 
a G ker/ and b e ker/*. This implies a' G ker/', b' G kerf*. 

Proposition 6. Under the above assumptions, one has B'(a',b') = B{a,b) 
where B' , B are the pairings attached to E',E resp. 

Remark. We are identifying B',B with B' ,Bq, cf. the definition of B. 

Proof. This follows immediately from the definition of the pairings B',B. □ 

□ 

Let (p : G' —> G be a homomorphism (with G' connected) and let E 1 be 
the biextension of G' deduced from a skew-symmetric biextension E via (p. Let 
a' G G' such that <£>(a') = a G ker/. Then (with obvious notation): 

Proposition 7. One has q'(a') = g(a). 

Proof. This follows immediately from the definition of q', q. □ □ 
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Remark. Suppose G' ^> G is surjective with connected kernel if. Note that 
E' corresponds to the homomorphism /' : G' — > G'* which is the composition: 

g'^gAg*^ g'* 

Since <p* is injective, one has ip (ker f) = ker/', i.e., ip(a') € ker/ if and only 
if a' G ker/'. 



3.2 Descent. 

We keep the notation of the last section. Let ifi (resp. H2) be a closed subgroup 
of Gi (resp. G2). We do not assume H±,H2 to be connected. 

Proposition 8. 77ie following conditions are equivalent: 

i) f? is obtained from a biextension of G\jH\ x G2/H2 by pullback via the 
natural projection G\ x G2 -» G± jH\ x G2/ if 2 • 

ii) TTie following are satisfied: 

a) ifi C ker/ and if 2 C ker/*. 

b) b\h 1 ,H 2 ) = 0, i.e., B(a, b)=0 for all a G H u b G if 2 . 

Proof, (i) =>■ (ii): Condition (a) is clear and (b) follows from prop. [5] 

(ii) => (i): Since ffi C ker/, one has a section si : ifi X G2 — > E. This 
section allows one to view ifi x G2 as a group subscheme of E, where E is 
considered as a group scheme over G2. Thus the group ifi C ifi x G2 acts by 
translation on E, preserving the projection E — > G2. Similarly, as ff2 C ker/*, 
one has a section S2 ■ G\ x if2 — > f? which embeds Gi x if2 as a group subscheme 
of E, where E is considered as group scheme over G\. As above, one obtains 
an action of ff2 on E. One has: 

1. In virtue of (ii)/(b), the sections S\ and S2 agree on ifi x ff2. This implies 
that the actions of ifi and if2 on E commute with each other (this follows 
from the compatibility condition in the definition of biextensions). Thus 
one obtains an action of H 1 x ff2 on E. 

2. The projection E — > G\ x G2 is equivariant under the ifi x if2 action, 
where ifi x if2 acts on Gi x G2 by translation. 

Let E' = Ej(H\ x if2). In view of above, one obtains a morphism 7r' : E' — > 
Gi /if 1 x G2 /if 2 7 which gives E' a structure of a biextension over Gi /if 1 x G2 /if 2 
(the group scheme structures of E' over Gi/ifi and G2/H2 are deduced from 
those of E over Gi and G2 by factoring out by ifi and if2-actions) , from which 
E is deduced via pullback, qed. □ □ 

Remarks. 1) When if2 is connected, the group Hom(if2, Q p /Z p ) is reduced 
to zero, whence condition (b) in (ii) is vacuous. The same remark applies when 
ffi is connected. 
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2) In particular, if Hi — ker/ and H2 — ker/*, then the biextension E 
of Gi x G2 is deduced from a biextension of Ci/iff x G2/H® . Note that the 
corresponding homomorphism Gi/H® — >• (G2/H®)* is an isogeny. Indeed one 
observes that this map as well as its dual has finite kernel and uses property (i) 
and (hi), sec. 1.1. 

Proposition 9. Let E be a skew- symmetric biextension of G x G and let A = 
ker/. If H is a closed subgroup of Aq such that qq\h — (cf. sec. 2.3), then E 
is deduced from a skew- symmetric biextension ofG/H x G/H. 

Proof. Since H C ker / and B(H,H) = (in virtue of prop.|4|, it follows from 
prop. [5] that E is deduced from a biextension E' of G/H x G/H. It suffices 
to show that E' is skew-symmetric. Since E is skew-symmetric, there exists a 
(unique) morphism G A E which takes to and such that the composite 
GAfi^GxGis the diagonal embedding. We want to descent u to a 
morphism G/H E' = E/(H x H). For this, it suffices to show that the 
composite G A- E — > E' is ii-equi variant, where H acts on G by translation 
and on E' trivially. Note that if we view H as a subgroup scheme of H x H via 
the diagonal embedding, we obtain an action of H of E. The projection E — > £" 
is -ff equi variant, whence it suffices to show that G — > E is also if equi variant. 
This follows from the hypothesis that qo\n = 0. □ □ 

Remark. In |Brlj . Prop. 2.3, Breen formulates a descent result for skew- 
symmetric biextensions in a more general situation. 

4 The case of G a p 

We shall use the following notation (cf sec. 1.2): 

R = k[x,x 1 / p ,x 1/p \---} 
T = R®R 

u = x® \ £ T, v = I® x eT 

as well as 

to denote the identification of <G ajP with its dual G* , as given in sec. 1.2. 
4.1 Skew-symmetric homomorphisms. 

We want to give an explicit description of all skew-symmetric homomorphisms 
from G a ,p onto its dual. All endomorphisms (of G a . p , G* p etc.) considered 
below are endomorphisms in the sense of group schemes. 

If a : G aiP — > G QiP is an endomorphism, then one has a corresponding 
cndomorphism a* : G* p — > G* p . The identification of G aiP with G* p via ip 
therefore gives an anti-automorphism: 

End(G a . p ) End(G a , p ) 



11 



This can be made explicit as follows: 

Lemma 1. i) End(G a . p ) = fc{r, t -1 } where r is the Frobenius automorphism 
(which sends x to x p ). The algebra structure is given by ra — a p r for all a G k. 
ii) The map a i->- a* is given by r* = r _1 , c* = c, for all c G k. 

Proof, i) If a is an endomorphism of G a . p , one can identify a with an endomor- 
phism of the ring R. Then cr(x) is a polynomial in x x l v for sufficiently large n. 
It follows that o~T n (x) is a polynomial in x. One easily checks that this polyno- 
mial is additive, whence the endomorphism ar n of G aiP can be written as a poly- 
nomial in r (with coefficients in k). This proves that End(G QiP ) = k{r, t -1 }. 
The commutation relation ra = a p r is easy to verify. 

ii) Let e be the Lang isogeny of G a , P - If er € End(G aiP ), let cr + (e) be the 
element of G* p deduced from e by pulling back via the morphism a. If wc 
identify b G k with the corresponding homothcty of G a . p , then recall that the 
element b + (e) G G* p corresponds to the element b G G a , p via ip. The equality 
t* = r^ 1 thus amounts to showing that the pullback of the element a + (e) of 
G* p via t is isomorphic to (T^ 1 (a)) + (e) = (a 1 /P)+(e). But 

r+a + (e) = (or)+(e) = (Ta 1 / p )+(e) = ( a 1 / p )+r + (e) 

whence it remains to check that r + (e) = e. Let 

Z/pZ ->• G^p -> G a , p ->• 

be the extension corresponding to T + (e). One checks that the morphism G a . p — > 
G a , P is obtained from the ring homomorphism: 

i? -> i?[z]/(z p - z - x p ) 

Setting z' = z — x, the above inclusion can be written as R — > — z' — x), 

which corresponds to e, qed. □ □ 

Let be the subgroup of k{r, r -1 } generated by elements of the form cr- 7 — 

Corollary 1. A homomorphism f : G a . P — > G* p is weakly skew- symmetric 
(i.e., f + f* = 0) z/ and on/y z/: 

i) / G V, provided p ^ 2. 

ii) / eV(Skifp = 2. 

Remark. We are identifying the sets End(G 0jP ) and Hom(G 0jP , G* p ) by 
sending / G End(G a , p ) to ip o /. 

Proof. Indeed, this is clear in view of part (ii) of the lemma above. □ □ 
Corollary 2. A homomorphism f : G a p — > G* p is skew- symmetric if and only 

iffev. 
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Proof. When p is odd, this follows from prop. HJ'(i), sec. 2.2 and the above 
cor. [T] Assume then p = 2. Since skew-symmetric homomorphisms form a 
subgroup of fc{r, r -1 } (cf. remark following the definition of skew-symmetry), 
it suffices to show the following: 

i) The homomorphism cr n — r~"c is skew-symmetric. 

ii) The homomorphism defined by a nonzero scalar t S k is not skew- 
symmetric. 

To see (i), apply prop. H]/(ii) to w = cr n . For (ii), denote by E the corre- 
sponding biextension. One checks easily that 

E = Spec {T[z]/{z 2 -z- tuvj) 

Therefore if Ea is the Z/2Z torsor over G ajP obtained by pulling back E via 
the diagonal map, one has 

E A = Spec {R[z]/(z 2 -z- tx 2 )) 

It follows that Ea corresponds to the nonzero element i 1 / 2 of G* p and thus 
nontrivial as a torsor, qed. □ □ 

4.2 The proof of Theorem 1 for G = G a p 

Fix a skew-symmetric homomorphism / : G aiP — > G* p . If / = 0, then A — 
7To(ker/) = 0, whence the result becomes trivial. Suppose then / ^ 0. Then 
cor. [2] allows one to write 

/ = C n T n - T- n C n + ^ - ^Cj) 

l<j<n 

with c n ^ 0. The group ker/ is finite with cardinality p 2n , whence part (a) 
follows (since A = ker/). 

To prove (b), we shall use the following (easy) fact: 

Lemma 2. A metric group of order p 2n ,n £ N whose associated quadratic 
form takes values in p _1 Z p /Z p C Q p /Z p is either hyperbolic or Witt equivalent 
to (F p 2, i o Nmp 2 /f p ) where i : ¥ p Q p /Z p is defined by i(l) = l/p. 

Proof. This follows from DGNO], Prop. A. 3 and the observation that every 
metric group is Witt equivalent to an anisotropic one (deduced by passing to 
the sub-quotient corresponding to a maximal isotropic subgroup, cf. Appendix 
B). □ □ 

Note that since G a , P has exponent p, the metric group (A, q) takes values 
in F p = p^lp/lp, whence in virtue of lem. [2J it suffices to prove that (A,q) 
is not hyperbolic, i.e., does not admit a Lagrangian subgroup (cf. Appendix 
B). Assume to the contrary that (A, q) is hyperbolic. Let L be an isotropic 
(cf. Appendix B) subgroup of (A,q). It follows from prop. [HI sec. 3.2, that the 
biextension E corresponding to / is deduced from a skew-symmetric biextension 
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E' of G a ^ p /L = G a ,p- Let /' : G a , P — > G* jP be the homomorphism corresponding 
to E' and let A' = Card(ker /')• We claim that: 

Card(A) = Card(A')Card(i) 2 

Indeed, since / is the composite G aiP G a , P /L — > (G a>p /L)* — > G* >p , it 
suffices to prove that Card(i) = Card(ker tt*). This follows from: 

Lemma 3. If u : G' — > G is an isogeny, then Card(keru) = Card(keru*). 

Proof. This is a consequence of the nondegeneracy of the biadditive pairing 
associated to u, cf. prop. [1] sec. 2.1. Alternatively, one could use the exact 
sequence in the remark preceding prop. [1] to directly deduce that the groups 
kern and keru* are dual to each other. □ □ 

Assume now that L is Lagrangian (cf. Appendix B). It follows that Card(A') = 
1, i.e., /' is an isomorphism. Since /' is skew-symmetric, cor. [2] gives a contra- 
diction, which completes the proof. 

5 The General Case: Reductions 

Let now G be a commutative, unipotent, perfect, connected group and / : G — > 
G* be a skew-symmetric homomorphism corresponding to a biextension E of 
G xG. One easily reduces to the case when / is an isogeny. Indeed, in any case, 
E induces a skew-symmetric biextension of G/(ker/)° x G/(ker/)° (cf. prop[§l 
sec. 3.2) and the corresponding homomorphism of G/(ker/)° onto its dual is 
an isogeny (cf. remark 2 following prop. [5J sec. 3.2). It now suffices to use the 
following (with G' — G/(ker/)°), where recall that A = 7r (ker/) is equipped 
with the quadratic form q (cf. sec. 2.3): 

Lemma 4. Let tt : G —} G' be a surjective homomorphism with connected 
kernel. If E descends to a biextension E' on G' (i.e., E is deduced from E' by 
pulling back via tt x tt), then: 

i) E' is a skew- symmetric biextension. 

ii) // (A' , q') is the metric group attached to E' , one has a canonical isomor- 
phism (A,q) = (A',q'). 

Proof, i) This follows immediately from prop.|9l sec. 3.2. 

ii) It is clear that A and A' are canonically identified. To see that this 
identification gives a morphism of metric groups, one applies prop. [71 sec. 3.1, 
as well as the remark following it. □ □ 

We shall assume / is an isogeny (and thus A = ker/) in what follows. 
Let H be a closed connected subgroup of G. We define H 1 - to be the kernel 
of the following composition: 

gUg* -* H* 

One says that H is isotropic if H C H^- . On the other hand, if HC\H^ is finite, 
one says that H is nondegenerate. 
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5.1 The isotropic case. 

Let H be an isotropic subgroup of G and let H' = (H^) . Denote by /' the 
following composition: 

H' ^ G A G* -» H'* 

Note that /' corresponds to the biextension of H' deduced from E by restriction. 

Lemma 5. The neutral connected component o/ker/' is H. 

Proof. Indeed, it is clear that H C (ker/')° since H is isotropic. For the 
opposite inclusion, it suffices to show both groups have same dimension. For 
this, note that the map (ker/')° — > G* (obtained by restricting /) admits a 
factorization (ker/')° 4 (G/H 1 )* ^ G* . Since kcrg C ker/, it follows that 
dim(ker f')° < dim(G/H')* = dim G/H' = dim H, whence the result. □ □ 

We introduce the following notation: 



Since A = ker / C ker/', there is a natural map Ah> — > A H '/h- By the above 
lemma, the kernel of this map is Ah, whence we get an injective homomorphism 



by passing to the quotient. One has: 

i) q(An) = 0. This can be seen by applying prop. [3 sec. 3.1 to the morphism 
H ^ G, and noting that the biextension of HxH obtained from E by restriction 
is trivial. 

ii) Ah> C A h , i.e., if B is the biadditive pairing on A, then B(a,b) = 
whenever a £ H' and b G H. This follows from prop.|51 sec - 3.1, applied to the 
morphism H' x H' G x G. 

Thus the group Ah'/Ah is equipped with a quadratic form induced by 
q. Note that tp is a homomorphism respecting the quadratic form structures, 
because so is the map Ah> — > Ah> m (where Ah' is equipped with q) . Indeed, 
one applies prop. [71 sec. 3.1 to the morphism H' >• G. 

Lemma 6. The homomorphism tp is an isomorphism of metric groups, where 
Ah'/h is equipped with the form q' . 

Proof. In view of the above, it suffices to show that tp is surjective. Note that 
the homomorphism H — > (G/H')* is an isogeny (cf. the proof of lem. [SJ and in 
particular surjective. Thus if a € ker/', there exists b £ H such that a and b 
map to the same element in (G/H 1 )* . It follows that a — b maps to zero in both 
H'* and (G/H')*, whence belongs to ker/. This proves the surjectivity of tp, 
as desired. □ □ 



A H 
A w 
Ah'/h 



ADH 

AnH' 




tp : Ah'/Ah -> Ajji/h 
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Lemma 7. The group Ah 1 I Ah equipped with the quadratic form induced by q 
is a subquotient (cf. Appendix B) of A [equipped with q). 

Proof. In other words, we want to show that the inclusion noted above 

Aw c A H 

is bijective. Let a £ A such that B(a,An) = 0. Consider the biextension 

of G x H obtained from E by restriction. Let g : G — ► H* be the corre- 

f 

sponding homomorphism (which is the composition G — > G* — > H*). Then 
(ker g)/(kerg)° = H^/H' and kerg* = Ah- One knows that the corresponding 
pairing between between these groups is nondegenerate (cf. prop. [TJ sec. 2.1). 
Since a can be interpreted as an element of H- 1 , the hypothesis B(a, Ah) = 
implies that a is zero in H ± /H', i.e., a S H' , as desired. □ □ 

Corollary 3. The metric group (A,q) is hyperbolic if and only if (Ah'/HtQ 1 ) 
is. 

Proof. This follows by combining lem. [5] and [7J □ □ 

5.2 The nondegenerate case. 

We begin with the following general situation: Let ip : G' — > G be an isogeny 
(with G' connected) and let E 1 be the biextension of G" obtained from E by 
pulling back via the above map. Let fiG'—t G'* be the corresponding 
homomorphism, obtained as the composition: 

g'AgAg*^ g'* 

Let A' = ker/' and let q 1 be the quadratic form on A'. 

Proposition 10. (A, q) is a subquotient (cf. Appendix B) of (A',q'). 

Proof. Note that (f^ 1 (A) is contained in A'. Thus if K' = ^ 1 {A) and K = 
(p _1 (0), then one has a filtration of the group A': 

C K C K' C A' 

such that A = K 1 / K . It thus suffices to prove that 

i) q'(K) = 1 and 

ii) K 1 - = K' 

in view of prop. sec. 3.1 (applied to ip). Indeed, (i) is obvious since <p(K) = 
(cf. prop. [7])- Also, the inclusion K' C K 1 - follows from prop. El sec. 3.1 
(applied to cp X <p), whence the opposite inclusion would follow if we can show 
that 

Csad(K) x Card(if') = Card(A') 

in view of the nondegeneracy of q' . The above equality can be written in the 
following form: 

Card(A')/Card(A) = Card(if) 2 



1G 



But if K* = ker(G* G'*), then the left side equals Card(AT) x C&id(K*). 
Finally, the equality Card(iT) = Card(if*) follows from lem. ODD 

Remark. The above result remains true more generally when (p is a surjec- 
tion. Indeed, setting G" = G'/(ker<p)°, the morphism ip factorizes as G' — > 
G" — > G, whence we get the result by applying lem. [4] to G 1 — > G" and the 
proposition above to the isogeny G" — > G. 

We want to apply the above result to the following situation: Let H be a 
nondegenerate subgroup of G. Set G' = H x H' (recall that H' = (H ± )°). 
Then the multiplication homomorphism 

G' ^G 

is an isogeny, whence (A,q) is a subquotient of (A\q r ). 

Lemma 8. Let Eh (resp. Eh>) be the biextension of H (resp. H') obtained 
from E by restriction. Then E' = Eh x Eh> ■ 

Proof. Clearly, Eh,Eh' can equally be obtained from E' by restriction. Now 
note that the homomorphism G' — > G'* gives homomorphisms H — > H'* and 
H' — > H* . The second one is trivial by hypothesis, hence so is the first one, in 
view of skew-symmetry. Thus G' — > G'* is product of the restrictions H — > H * 
and H' -)■ H'*, qed. □ □ 

Let (Ah, qn) and (Ah 1 , qn 1 ) be the metric groups corresponding to Eh and 

Corollary 4. (A,q) is a subquotient (cf. Appendix B) of (AH,qn)®{AH' ,QH')- 

Proof. Indeed, the metric group corresponding to E' is (An^qn) © {Ah> , QH' ) > 
in view of the lemma above. □ □ 

6 Completion of Proof 

Let / : G — > G* be a skew-symmetric homomorphism. As explained in the 
beginning of the previous section, we may assume / is an isogeny. We argue 
by induction on n = dimG to prove both (a) and (b). The case n = 1, i.e., 
G = G a>P has already been treated. Let then n > 1. Choose a closed subgroup 
H of G isomorphic to G a ,p and let g be the composition: 

H ^G UG* -» H* 

Suppose first g — 0. Then cor. sec. 5.1, reduces us to the case of H'/H, 
whence induction applies. If g ^ 0, then g is an isogeny, whence we are done by 
cor.Sl sec. 5.2. 
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Remark. The reduction process is similar in spirit to the following "reduc- 
tion": Let V be a vector space over a field equipped with a nondegenerate 
quadratic form q. If v G V is a nonzero element and H is the line in V spanned 
by t>, then: 

(i) If q(v) ^ 0, then one has a decomposition V = H © i?^ of quadratic 
modules; 

(ii) If q(v) = 0, then q induces a nondegenerate quadratic form q' on H / H . 
Further, the image of the forms q and q' in the Witt ring are equal. 

Appendix A: Formulas related to biextensions of 

Let E be a biextension of G a . p x G a . p . In this section we indicate how to obtain 
explicit formulas for the pairing B (cf. sec. 2.1) as well as the quadratic form q 
(when E is skew-symmetric, cf. sec. 2.3) associated to E. 

Let / : <G a ,p G* p be the homomorphism corresponding to E. Using 
the isomorphism ip : G a , P — > G* p , we view / as an element of End(G a , P ) = 
fc{r, t -1 }. For t € G a , p (fc), let Et,_ denote the pullback E via the inclusion 
G a , p = t x G a , P G a , P x G a , P - Then the central extension E t ,_ G G„ p of G a , P 
corresponds to the element f(t) G G ttiP (fc) = k. Thus Et t _ = Spec (i?[z]/(z p — 
z — f(t)x)) as a scheme over Spec (R) = & a ,p- This allows one to deduce that 

E = Spec (T[z}/(z p - z - f(u)v)) (1) 

as a scheme over Spec (T) = G a . p x G a . p . Similarly, if /* is the homomorphism 
dual to / and E t denotes the pullback of E 
then E_ t ^ Spec (R[z]/(zP -z- f*(t)xj) and 

E = Spec (T[z]/(zP-z-ur(v))) (2) 

Proposition 11. a) There exists a unique element g(u,v) £ T such that 
3(0,0) = and 

g(u, v) p - g(u, v) = f(u)v ~ uf*{v) 

b) For a £ ker/, b € ker/*, t/ie pairing B is given by the formula B(a, b) = 
3(a,6). 

Proof, a) Indeed, for /ii, h,2 € T, write ~ /12 if /ii — ^2 has the form g p — g 
for some g & T such that g(0, 0) = 0. Then au p% v p ° ~ a p w J,,+1 w p: ' +1 , from which 
it easily follows that /(u)v ~ uf*(v) (one uses lem. [TJ/ (ii)) - This proves the 
existence of g. The uniqueness is clear. 

b) It follows that the isomorphisms (1) and (2) above are related to each 
other via the change of variable z 1— >■ z — g(u, v), whence the formula. □ □ 
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Remark. It is easy to give an explicit formula for the element g above: If 
/ = ar™, then one has: 



-1 „n— 1 „— 1 



aP up V p + h o,p uv p if n > 

](u, v) — ^ if n = 

-au pn v - ■ ■ ■ - a p " ^p" 1 ?; 23- ™" 1 if n < 

For general /, one notes that g varies additively with respect to /. 

Example. Suppose that / = r — r _1 = — /*. Then A = ker/ identifies with 
roots of x p — x in fc, i.e., with F p 2. One checks that g{u,v) — uv 1 ^ + v}l p v, 
whence B : ¥ p 2 x F p 2 — > Z/pZ identifies with the pairing (a, 6) i-> tr(a6 p ). 

Let be the Z/pZ torsor over G 0jP deduced from E by pulling back via 
the diagonal map. 

Proposition 12. a) If E is skew symmetric, then there exists unique r G R 
such that r(0) = and 

r(x) p — r(x) = xf(x) 

b) The quadratic form q : A — > Q p /Z p is then given by the formula q(a) = 
r(a) for all a £ A. 

Proof. Indeed, since E is skew-symmetric, is trivial, whence the existence 
of r follows (uniqueness is obvious) . Part (b) is clear (one argues as in the proof 
of prop. Qiy (b)). □ □ 

Example. We continue the previous example. Note that xf(x) — x 1+p — 
x 1+p , whence r(x) — x 1+p . Thus q : ¥ p 2 — > Z/pZ is given by a i— > a p+1 = 
Nm F 2 /F p (a)- This verifies thm. 1 in this special case. 

Appendix B: Metric Groups 

We rapidly recall the notion of metric groups from [DGNO]. For more details, 
see Appendix A, loc. cit. 

We fix an algebraically closed field K of chatacteristic zero. Let A be a 
finite abelian group. A quadratic form on A (cf. loc. cit., sec. 2.11.1) is a map 
q : A — > K y such that 

1) The function B(a, b) = g / a + b ,\ from A x A to K x is biadditive. 

I Kit q(a)q(b) 

ii) q{— a) = q(a) for all a £ A. 

Remarks. 1) It is easy to see that (i) and (ii) implies q(na) = q(a) n for all 
n G Z. 

2) Let p be a prime number and Q p /Z p M> K x be an injective group ho- 
momorphism. If A is a p-group (i.e., Card(A) is a power of p) equipped with a 
quadratic form q, then q admits a (unique) factorization: 

A U Q p /Z p K y 
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In this case, one can equivalently define a quadratic from on A to be a function 
q' : A -> Q p /Z p such that 

i') The function B'(a, b) = q'{a + b) - q'{a) - q'(b) from A x A to <Q P /Z p is 
biadditive. 

if) q'(-a) = q'(a). 
This equivalent definition is the one used in this article. 

The group A equipped with the form q is called a pre-metric group. A 
homomorphism: 

<p:(A,q)->(A',j) 

of pre-metric groups is a homomorphism A A' of abelian groups such that 
q(a) = q'(<p(a)). 

If q(a) = 1 implies a = 0, one says that A is anisotropic. A subgroup H 
of A is called isotropic if = 1. In this case, one has -ff C £i , where 
iJ^ is the orthogonal complement of H with respect to the biadditive map 
B : Ax A — > K x . An isotropic subgroup H is said to be Lagrangian if H = H^. 

A pre-metric group A is called a metric group if B is nondegencratc. Assume 
henceforth that A is a metric group. Let H be an isotropic subgroup. One says 
that the group H ± /H equipped with the induced quadratic form is a subquotient 
of A. If H is a maximal isotropic subgroup, one can check that the resulting 
(anisotropic) metric group is independent, up to isomorphism, of the choice of 
H (cf. loc. cit., Lemma A. 31). One says that two metric groups are equivalent 
if the corresponding anisotropic metric groups are isomorphic. Equivalently, 
two metric groups are equivalent if and only if they have isomorphic metric 
subquotients. This defines an equivalence relation on the class of all metric 
groups. Let W denote the set of equivalence classes. Let [A] be the class of A 
in W. One equips W with an additive structure by setting: 

[Ai] + [A 2 ] = [A! © A 2 ] 

It is easy to check that this operation is well defined and endows W with the 
structure of an abelian group (the inverse of (A,q) being given by (A, l/q)). 

Definition 2. W is called the Witt group of metric groups. 

Remark. For each prime p, let W p be the subgroup of W consisting of classes 
of metric p-groups. Then one has a decomposition: 

v 

It can be shown that Ca^Li^) = 16 and Card^p) = 4 if p is odd. For the 
proofs, see loc. cit., Prop. A. 6 (for p ^ 2), Prop. A. 13 (for p = 2) as well as the 
remark following Def. A. 33. 
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